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Abstract 
If A is a ring with identity and G is the group of units of A, then G acts naturally on the 
additive group A+ of A by left multiplication (the regular action) and by conjugation (the 
conjugate action). If X is the set of nonzero, nonunits of A, then X is invariant under both 
actions. It is shown that the regular action of G on X is faithful if and only if A is not a local ring 
or A is a local ring with Jacobson radical J and the left annihilator of J is the zero ideal. 
If X has more than one element and G acts transitively on X, then G is primitive on X if X has 
no nontrivial partition which is permuted by the action of G on X. It is shown that if 1x1 2 2, 
then G acts primitively on X by the regular action if and only if A is isomorphic to Z/(9), to the 
Galois ring GR(22, n) where 2” - 1 is prime or to the ring F [t; a]/(t2) of a-dual numbers over 
the field F where F = GF(3) or F = GF(2”) for some positive integer n such that 2” - 1 is 
prime. Furthermore, a characterization of those rings for which G acts primitively on X by 
conjugation is given. G acts semi-pimitively on X if for all x in X, Orb(x) = {x} or G acts 
primitively on Orb(x). A characterization of those local rings for which G acts semi-primitively 
on X by the regular action is given. The above results are then applied to compact topological 
rings. 
1. Introduction and basic definitions 
Let A be a ring with identity, let G be the group of units of A and let X denote the set 
of nonzero, nonunits in A. We consider two natural group actions of G on A+, the 
additive group of A. We call the action, (g, a) + ga from G x A to A, the regular action 
and the action, (g, a) + gag- ‘, the conjugate action. Clearly X is invariant under both 
actions. If X has more than one element, G is primitive on X (or G acts primitively on 
X) if G acts transitively on X and X has no nontrivial partition which is permuted by 
*Corresponding author. 
0022-4049/94/$07.25 0 Elsevier Science B.V. All rights reserved 
SSDIOO22-4049(93)EOl26-0 
286 J.-A. Cohen et al.lJournal ?f’Pure and Applied Algebra 94 (1994) 285-306 
the action of G on X [l, p. IS]. G is semi-primitive on X if for each x in X, the orbit of 
x is {x} or G acts primitively on the orbit of x. 
In Section 2 we prove that the regular action of G on X is faithful if and only if A is 
not a local ring or A is a local ring with Jacobson radical J and the left annihilator of 
J is the zero ideal. Moreover if A is a compact ring with identity such that 2 is a unit in 
A and G is fixed-point free with respect to the conjugate action on X (that is, for g in G, 
if there exists an x in X with gxg-’ = x, then gyg-’ = y for all y in X), then A is 
a commutative ring or there is a nonzero element a in J such that xa = 0 for all x in X. 
Let A be a local ring with Jacobson radical J. The afine Klingenberg plane over A or 
the AK-plane over A consists of the point set A x A and the line set L containing the 
linear equations ax + by + c = 0 where a, b, c E A and (a, b) $ J x J. Thus there are 
two types of lines, the line lI(m, n) = {(x, y) E A x A: y = mx + n} with slope m where 
m,nEAandtheline/2(u,v)= {(x,~)EAxA: x = uy + v} with slope u where U, v E A. 
Two lines are parallel if they are of the same type and have the same slope. Two lines 
li(ml, nI) and lj(m,, n2) are neighbors if they are of the same type and ml - m,, 
n1 - n2 E J. Two points (pI, p2) and (si, y2) are neighbors if pi - qi E J for i = 1,2. An 
AK-plane is called an afine Hjelmslev plane or an AH-plane if it satisfies the following 
three conditions: 
(i) For any two points P and Q, the number of lines through P and Q is at least one. 
(ii) If P and Q are two points and if the number of lines through P and Q is exactly 
one, then P and Q are not neighbors. 
(iii) If CI and p are two lines with precisely one point in common, then CI and /I are 
not neighbors. 
These three geometric properties are equivalent to the following three algebraic 
properties respectively: 
(i)’ The set of left ideals of A is totally ordered by set inclusion. 
(ii)’ Every nonunit of A is a left zero divisor of A. 
(iii)’ Every nonunit of A is a right divisor of A. 
(See [lo, pp. 269-2701.) 
Recall that a ring A is a left (right) chain ring if the set of left (right) ideals of A is 
a totally ordered set under set inclusion. A is a chain ring if A is both a left and right 
chain ring. A left chain ring in which every nonunit is a two-sided zero divisor is called 
an afine Hjelmslev ring or an AH-ring. (Thus if A is a local ring and if the AK-plane 
over A is an AH-plane, then A is an AH-ring.) An AH-ring which is also a right chain 
ring is called a projective Hjelmslev ring or a PH-ring. If A is an arbitrary ring with 
Jacobson radical J, then A is uniform if J2 = (0). 
Let F be a field and let c be an automorphism of F. The ring, F [t; a]/(?), of o-dual 
numbers over F is the algebra F + Fx where x2 = 0 and for each a E F, xa = a(a)x 
(see [S]). Consequently, if 0 is the identity automorphism, then 
F [It, a]/(t2) z F [t]/(t2). We recall as well that is p is a prime and if n and r are positive 
integers, then the Galois ring, GR(p”, r), is isomorphic to Z[x]/(p”,f) where f is 
a manic polynomial of degree r in Z[x] such that fis irreducible modulo p [ll, p. 
3081. Finally, we refer the reader to [S, pp. 124-1321 for a discussion of Witt rings. 
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In Section 3, we prove that if A is a ring with identity for which X + 8, then the 
following are equivalent. 
(1) G acts transitively on X by the regular action. 
(2) A is a uniform local ring and J is a one-dimensional left vector space over A/J. 
(3) A is a uniform AH-ring. 
(4) The only left ideals of A are (0), J and A. 
In particular, if A is a compact ring with identity for which X # 0, then G acts 
transitively on X by the regular action if and only if A is isomorphic to 
(i) the ring of o-dual numbers over F where F = A/J and 0 is a nontrivial 
automorphism of F, 
(ii) F[x]/(x”) where F = A/J, or 
(iii) a Witt ring of length two and characteristic p # 0 or equivalently, a Galois ring 
GR(p*, r) where A/J E GF(p’). 
We prove as well that, up to isomorphism, the only compact rings for which G acts 
transitively on X by conjugation are GF(p”) where p is a prime and n is a positive 
integer, U(4), z/(2, Cxllcx )z and F [t; a]/(t*) where F = GF(2”) for some IZ 2 2 and g is 
an automorphism of F with fixed field (0, l}. 
In Section 3 we also investigate primitive group actions of G on X where A is an 
arbitrary ring with identity. We prove that if the cardinality, 1x1, of X is more than 
one, then G acts primitively on X by the regular action if and only if A is isomorphic to 
F[t; o]/(t*) where F = GF(3) or F = GF(2”) for some positive integer rr such that 
2” - 1 is prime and where rr is an automorphism of F, to Z/(9), or to GR(2’, n) where 
2” - 1 is prime. We also give a characterization of those rings for which 1x1 2 2 and 
for which G acts primitively on X by conjugation. 
Finally, in Section 4, we first give a characterization of the local rings for which 
X # 8 and for which G acts semi-primitively on X by the regular action. We then 
prove that if A is a compact semi-simple topological ring and A is not a field, then G is 
semi-primitive on X by the regular action if and only if A is isomorphic to 
(;) na E A Z/(2) where n is a set of cardinality greater than one, 
(ii) (K E A Z/(2)) x F where /i # 0 and F is a finite field of cardinality 3 or 2” for 
some positive integer n such that 2” - 1 is prime, 
(iii) F, x F, where F, and F1 are finite fields and for i = O,l, Fi has cardinality 3 or 
2”l for some positive integer Izi such that 2”< - 1 is prime, or 
(iv) the ring of 2 x 2 matrices over Z/(2). 
Henceforth A is a ring with identity, G is the group of units in A, X is the set of 
nonzero, nonunits in A and J is the Jacobson radical of A. If S is any set, we will 
denote the cardinality of S by ISI. 
2. Faithful representations and fixed points 
If A is a ring with identity, A is a local ring if X u (0) is an ideal of A. In particular if 
A is a local ring, then J is the unique maximal (right, left or two-sided) ideal of A. Let 
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Sym(X) denote the symmetric group on X. Recall that if rc: G + Sym(X) is a repres- 
entation, then rt is faithful if Ker(rc) = (1). If rc: G + Sym(X) is a representation and 
x E X, we denote the orbit of x by Orb(x) and the stabilizer of x by Stab(x). 7c is 
transitive or G acts on X transitively if X = Orb(x) for some x in X. In this paper, we 
will consider two representations of G into Sym(X), the (left) regular representation 
defined by (n(g))(x) = gx for all g in G, x in X, and the conjugate representation given 
by (n(g))(x) = gxg- ’ for all g in G and x in X. 
Proposition 2.1. Let A be a ring such that X # 8. The (left) regular representation of 
G into Sym(X) is faithful ifand only ifA is not a local ring or A is a local ring and the left 
annihilator J” of J is the zero ideal. 
Proof. Assume that the regular representation is faithful. Suppose, further, that A is 
a local ring such that J” # (0). Let x E J”, x # 0. Since X # 0, J # (0). Therefore as A is 
a local ring and xy = 0 for some nonzero element y in A, x E J. So 1 + x E G and 
(1 + x)z = z for all z in X. Hence by assumption, 1 + x = 1 and so x = 0, a contradic- 
tion. 
Suppose now that A is not a local ring. If the regular representation is not faithful, 
then there exists a g in G with g # 1 and gx = x for all x in X. Thus (1 - g)x = 0 for all 
x in X. Consequently X u (0) 1s a right ideal of A and hence X u (0) = J. So A is 
a local ring, a contradiction. Therefore if A is not a local ring, then the regular 
representation is faithful. 
Finally, suppose that A is a local ring such that Je = (0). If the regular representa- 
tion is not faithful, as above, there exists a g in G such that g # 1 and gx = x for all x in 
X. Therefore 1 - g E Je, a contradiction. 0 
Suppose rt is a representation from G into Sym(X). G isfixed-pointfree (or G has no 
fixed points) provided that if g E G and there exists an x in X with (n(g))(x) = x, then 
g E Ker(rc). Equivalently, G is fixed-point free if Stab(x) = Ker(n) for all x in X. 
A ring A is a topological ring if A is a topological space and the mappings 
(x, y) + x - y and (x, y) + xy are continuous mappings from A x A into A. We will 
assume that each compact topological ring is Hausdorff. 
Lemma 2.2. Zf A is a compact topological ring and A has no nontrivial idempotent, then 
A is a local ring. 
Proof. By [9, Theorem 161, [6, Theorem, p. 4311 and [7, Theorem, p. 1711, A/J is 
isomorphic to flIa E n M, where each M, is the ring of n, x n, matrices over a finite field 
F,. Moreover by [9, Theorem 8, Lemma 12 and Theorem 141, each idempotent of A/J 
lifts to an idempotent of A. Consequently, if A has no nontrivial idempotent, then 
neither does A/J. So IAl = 1 and n, = 1 for CY in A, i.e., A/J is a finite field. Hence A is 
a local ring. I? 
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Recall that a nonzero element a in A is a left (right) divisor of zero if there exists 
a nonzero element b in A such that ab = 0 (ba = 0). 
Theorem 2.3. Let A be a compact ring such that X # 0 and 2 is a unit in A. Suppose that 
G acts faithfully on X by the regular action. Then G is fixed-point free ifand only if A is 
a local ring with no left divisors of zero. 
Proof. We first note that if A has a nontrivial idempotent e, then (1 - 2e)’ = 1 and 
(1 - 2e) (1 - e) = (1 - e). Hence 1 - 2e E G and 1 - e E X. Thus if G is fixed-piont 
free, then (1 - 2e)x = x for all x in X. In particular, (1 - 2e)e = e and so 2e = 0, 
a contradiction. So if G is fixed-point free, then A is a local ring by the preceding 
lemma. Moreover, A has no left divisors of zero. Indeed, if there exist nonzero 
elements a and b in A with ab = 0, then a, b E X. Hence a E J as A is a local ring and so 
1 + a E G. But (1 + a)b = b and therefore if G is fixed-point free, then (1 + a)y = y for 
all y in X. Consequently, 1 + a = 1 by assumption, a contradiction. 
Suppose now that A is a local ring with no left divisors of zero. If there is a g in 
G such that g # 1 but gx = x for some x in X, then (1 - g)x = 0, a contradiction. 
Therefore G is fixed-point free. 0 
Lemma 2.5. Let A be a ring such that X # 0 and 2 is a unit of A. Suppose that G acts on 
X by conjugation. If G is$xed-point free, then every idempotent of A is central. 
Proof. Let e be a idempotent of A. It suffices to prove that ea(1 - e) = 0 = (1 - e)ae 
for all a in A. Suppose there exists a nonzero element a in A such that ea( 1 - e) # 0 or 
(1 - e)ae # 0. 
Assume first that (1 - e)ae # 0. Let b = (1 - e)ae. Then be = b, eb = 0 and b2 = 0. 
Hence 1 - b E G and (1 - b))’ = 1 + b. Now, (1 - 2e)(l - b) = (1 + b)(l - 2e) 
and so [(l + b)(l - 2e)]’ = (1 - 2e)2 = 1. Let g = (1 + b)(l - 2e) and let f = 
2-‘(1 - g). Then f 2 = f and g = 1 - 25 As (1 - 2e)(l - b) = (1 + b)(l - 2e) and 
(1 - 2e)’ = 1, 1 - b = (1 - 2e)(l + b)(l - 2e) = (1 - 2e)g = (1 - 2e)(l - 2f). Now, 
(1 - 2e)e(l - 2e))’ = (1 - 2e)e(l - 2e) = e. As (1 - e)ae # 0, e is not 0 or 1. There- 
fore as e2 = e, e E X. Since 1 - 2e E G and G is fixed-point free, 
(1 - 2e)y(l - 2e) 1 = y for all y in X. We next observe thatf E X. Indeed, iff$X, then 
f=O orf=l asf2=f: Iff-0, th en g= 1 and so [l +(l -e)ae](l -2e)= 1. 
Therefore - 2e = (1 - e)ae and so - 2e = e( - 2e) = e(1 - e)ae = 0. Hence as 2 is 
a unit in A, e = 0, a contradiction. If f = 1, then g = - 1 and so 
[l + (1 - e)ae] (1 - 2e) = - 1. Therefore, - 2 = - 2e - (1 - e)ae. So - 2e = 
- 2e2 - (1 - e)ae’ and consequently, 0 = - (1 - e)ae, a contradiction. Thus f E X 
andso(1-2e)f(l-2e)-‘=f,thatis,(1-2e)f=f(l-2e).But2isaunitinAand 
hence ef=fe. As 1 - b = (1 - 2e)(l - 2f), (1 - b2) = [(l - 2e)(l - 2f)]’ 
= (1 - 2e)2( 1 - 2f )’ = 1. So 1 = 1 - 2b + b2 = 1 - 2b as b2 = 0. Consequently 
0 = - 2b and so b = 0, a contradiction. Thus (1 - e)ae = 0 for all a in A. 
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If ea(1 - e) # 0, let er = 1 - e. As er is an idempotent of A, the above proof yields 
that (1 - er)aer = 0. But (1 - er)aer = ea(1 - e), a contradiction. 0 
Lemma 2.6. Let A be a compact ring such that X # 0 and 2 is a unit of A. Suppose that 
G acts on X by conjugation. If G is fixed-point free, then J and A/J are commutative 
rings. 
Proof. By the previous lemma, every idempotent of A is central. Hence as every 
idempotent of A/J lifts to an idempotent of A [9, Theorem 8, Lemma 12 and Theorem 
143, every idempotent of A/J is central. Since A/J is isomorphic to JJUE n h/r, where 
each M, is the ring of n, x n, matrices over a finite field F, ([9, Theorem 161, 
[6, Theorem, p. 4311 and [7, Theorem, p. 171]), the above observation yields that 
n, = 1 for all a in A. Therefore A/J is a commutative ring. 
On the other hand, if J # (0), let a E J, a # 0. Observe that 1 - a E G and there 
exists a nonzero element b in J with a + b - ab = 0 = a + b - ba. Hence 
(1 - a)b = b(1 - a). So b E X and therefore as G is fixed-point free, 
(1 - a)x = x(1 - a) for all x E X. Thus ax = xa for all x in X. So J is commutative as 
well. 0 
Theorem 2.7. Let A be a compact ring such that X # 0 and 2 is a unit in A. Suppose that 
G acts on X by conjugation. If G then either A is commutative or there 
exists a nonzero element a in J such that xa = 0 for all x in X. 
Proof. If A is not commutative, then J # (0) by Lemma 2.6. Suppose that for each 
nonzero element a in J, there exists an x in X with xa # 0. First observe that if z is any 
nonzero element of J, then zs = sz for all s in X. Inded as z E J, 1 + z E G. But 
(1 + z)z = z( 1 + z). Therefore as G is fixed-point free, (1 + z)s = s( 1 + z) for all s in X, 
that is, zs = sz for all s in X. We next prove that gx = xg for all g in G and x in J. 
Indeed, suppose there exist g in G and x in J with gx # xg. Then gx - xg E J and 
gx - xg # 0. Therefore by assumption, there is a y in X with y(gx - xg) # 0. So 
0 # y(gx - xg) = ygx - y(xg) = ygx - (xg)y as xg E J and y E X. But (xg)y = 
x(gy) = (gy)x = g(yx) = g(xy) = (gx)y = y(gx) as x E J and gx E J. Hence 
y(gx - xg) = ygx - ygx = 0, a contradiction. Thus gx = xg for all g in G and x in J. 
So as J # (0) and G is fixed-point free, gy = yg for all g in G and y in X. Thus by 
[4, Theorem 4.21, A is a commutative ring, a contradiction. q 
Corollary 2.8. Let A be a compact ring such that X # 0 and 2 is a unit in A. Suppose 
that G acts on X by conjugation. If G is fixed-point free, then A is commutative or A is 
a local ring such that J is commutative, the right annihilator J” of J is not the zero ideal 
andfor all x and y in X, 2 I jOrb(x)l = IOrb(y)l < cc. 
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Proof. Suppose that A is not commutative. Let rr : G + Sym(X) denote the conjugate 
representation. As G is fixed-point free, for all x in X, Stab(x) = Ker(rr). By the 
previous theorem, there exists a nonzero a in J such that xa = 0 for all x in X. So 
J” # (0) and X u (0) = ( x E A: xa = 0}, a left ideal of A. Hence J = X u (0) and so 
A is a local ring. As A/J E na, n M, where for each c( in A, M, is the set of nor x n, 
matrices over a finite field F, ([9, Theorem 161, [6, Theorem, p. 4311 and [7, Theorem, 
p. 171]), and as A is a local ring, A/J is therefore a finite field. So 1 G/l + J 1 < cc . 
Observe that as G is fixed-point free and for any x in X, (1 + x)x = x(1 + x), 
1 + J E Ker(rc). Hence lG/Ker(~n)I I IG/l + JI < co. Moreover if x E X, then 
[Orb(x)1 = [G/Stab(x)1 = IG/K er n < co. In particular lOrb(x)l = lOrb(y)I < co ( )I 
for all x and y in X. Finally if lOrb(x)l = 1 for some x in X, then I G/Ker(rr)l = 1, that 
is, G = Ker(rr). Hence by [4, Theorem 4.21, A is a commutative ring, a contradiction. 
Therefore /Orb(x)1 2 2 for all x in X. 0 
Proposition 2.9. Let A be a ring such that X # 0 and let 71: G -+ Sym(X) be the 
conjugate representation. If A is not a local ring, then the kernel of 71 is contained in the 
center of G. 
Proof. Suppose there is a g in Ker(rc) such that g is not in the center of G. Then 
gy = yg for all y in X and there exists a u in G such that 1 - gag- ‘up 1 # 0. Let x E X. 
Then (1 - gugP1u-‘)x = x - (gug-‘u-‘)x = x - g(ug-‘u-‘x) = x - (ug-‘u-‘x)g 
= x - u(gP’)(u-‘x)g = x - u(u-‘x)g-‘g as 9-l E Ker(rc). So (1 - gug-‘u-‘)x = 
x - x = 0. Consequently X u (0) = ( a E A: (1 - gug-%‘)a = 01, a right ideal of A. 
So A is a local ring, contradiction. 0 
3. Primitive group actions 
Suppose that S is a set with more than one element, H is a group and n: H + Sym(S) 
is a representation of H into the symmetric group, Sym(S), on S. (In this case, we say 
that H acts on S.) Suppose that H acts transitively on S, that is, S = Orb(s) for some 
s in S. A nonempty subset B of S is called a subset of imprimitivity for the action of 
H on S if for any g in H, either (n(g))(B) = B or (rc(g))(B) n B = 8. B is said to be trivial 
if IBJ = 1 or B = S. H is imprimitiue on S if there exists a nontrivial subset B of 
imprimitivity for the action of H on S. Otherwise H is said to be primitive on S [13, 
p. 131. 
Suppose that Q is a partition of S. Q is H-invariant if H permutes the members of Q. 
Q is nontrivial if Q # {S} and Q # {{s}: s E S}. Observe that if B is a nontrivial subset 
of imprimitivity for the action of H on S, then there exists a subset H1 of H such that 
{@(g))(B): 9 E H,} IS a nontrivial H-invariant partition of S. Conversely, if there 
exists a nontrivial H-invariant partition Q of S, let B E Q be such that JBI > 1 and 
B # S. Then B is a nontrivial subset of imprimitivity for the action of H on S. 
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Consequently, H is imprimitive on S if and only if there exists a nontrivial H-invariant 
partition Q of S [l, p. 181. 
The following lemma is well known in the case where H is a finite group. (See for 
example [l, 5.18, p. 181.) However, for the sake of completeness we include here 
a proof for the general case. 
Lemma 3.1. Let S be a set with more than one element and let H be a group acting 
transitively on S. Then H is primitive on S ifand only iffor all s in S, Stab(s) is a maximal 
subgroup of H. 
Proof. Let 7c :H -+ Sym(S) be the representation of H into Sym(S). For simplicity of 
notation, if g E H and s E S, denote (n(g))(s) by g(s). Suppose that H is not primitive on 
S. Let B be a nontrivial subset of imprimitivity, define HI by, HI = {g E H: g(B) = B}, 
and let s E B. Clearly HI is a subgroup of H. Moreover if g E Stab(s), then 
g(B) n B # 0 and so g(B) = B, that is, g E HI. Hence Stab(s) G HI G H. Choose 
y E B\(s). Since H acts transitively on S, there exists a go in H with g&s) = y. Then 
go $ Stab(s) but go(B) n B # 8. Thus go(B) = B and so go E Hi\Stab(s). Thus 
Stab(s) 5 HI. If HI = H, then H(B) = B 5 S. But H acts transitively on S, a contra- 
diction. So if H is not primitive on S, then there exists an s in S such that Stab(s) is not 
a maximal subgroup of H. 
Conversely, suppose that for some s in S, Stab(s) is not a maximal subgroup of H. 
Let HI be a subgroup of H with Stab(s) s H, 5 H and let B = H,(s). Notice that 
s E B but (BI > 1. Indeed, if IJ3 = 1, then H,(s) = (s} and hence HI G Stab(s), 
a contradiction. Moreover if B = S, then H,(s) = S = H(s) as H is transitive on S. So if 
g is any element of H, then there exists an element h of H, such that g(s) = h(s). Thus 
hh ‘g E Stab(s) G HI. So g E hH1 G HI and consequently, HI = H, a contradiction. 
Therefore B # S. Suppose now that g E H and g(B) n B # 8. Let b E g(B) n B. As 
b E H,(s), there exists an element h in HI with b = h(s). Furthermore since 
b E g(B) = g(H,(s)), there exists an element ho in H, with b = (gh,)(s). Thus 
h(s) = (gh,)(s) and so hh’ghO E Stab(s) G HI. Consequently, g E hHlhil G HI, that 
is, g(B) = B. Therefore B is a nontrivial subset of imprimitivity for the action of H 
on S. 0 
Recall that a ring A is a left (right) E-ring if there exists an ideal I of A such that 
{I’: i E lW} is the set of left (right) ideals of A. The smallest positive integer n satisfying 
I” = (0) is called the rank of A. A is an E-ring if A is both a left and right E-ring. 
Observe that if A is a ring for which X # 0, then by Nakayama’s Lemma [7, p. 4121, 
A is a left (right) E-ring of rank two if and only if the only left (right) ideals of A are (0), 
J and A. 
Lemma 3.2. Suppose that A is a uniform left (right) chain ring with X # 8. Then A is 
a left (right) E-ring of rank two. In particular, zfx E X, then Ax = J (xA = J). 
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Proof. Assume that A is a uniform left chain ring. As the left ideals of A are totally 
ordered by set inclusion, A is a local ring and hence A/J is a division ring. Conse- 
quently A/J is a simple left A-module. 
Let x E X. We first observe that Ax is a minimal left ideal of A. Indeed, as J2 = (0) 
and as A is a local ring, Ax and A/J are isomorphic as left A-modules. Therefore as 
A/J is a simple left A-module, Ax is a minimal left ideal of A. Next note that if y E X, 
then as Ax c Ay or Ay c Ax, Ax = Ay by minimality. Thus J = Cz E x AZ = Ax and 
hence J is a minimal left ideal of A. As J is also the unique maximal left ideal of A, A is 
a left E-ring of rank two. The proof for right chain rings is similar. 0 
Theorem 3.3. Let A be a ring such that X # 8. The following are equivalent. 
(1) G acts transitively on X by the regular action. 
(2) A is a uniform local ring and J is a one-dimensional eft vector space over A/J. 
(3) A is a uniform AH-ring. 
(4) The only left ideals of A are (0), J and A, that is, A is a left E-ring of rank two. 
Proof. (1) and (2) are equivalent by [4, Theorem 2.41. Assume (2) holds. Since A is 
a local ring for which J2 = (0), each a in X is a two-sided zero divisor. Suppose there 
exist left ideals L, and L, of A such that L, $ Lz and L, $ L,. Let x1 E L,\L, and let 
x2 E L2\L1. As L1 # A and as L2 # A, x1,x2 E X. Since G acts transitively on X by 
the regular action, there exists g E G with x2 = gx, E AL, = L1, a contradiction. So 
(2) implies (3). By Lemma 3.2, (3) implies (4). If (4) holds, then A is a local ring, J2 = (0) 
and for each a E X, Aa = J. Therefore if a E X, then X = J\(O) = Au\(O) = Ga and 
hence G acts transitively on X by the regular action. 0 
We remark that the equivalence of (2) (3) and (4) is also a consequence of [lo, 
Theorems 2.3 and 3.41. 
Theorem 3.4. Let A be a ring such that X # 0. The following are equivalent. 
(1) A is compact and G acts transitively on X by the regular action. 
(2) A is a untform,$nite local ring and J is a one-dimensional eft vector space over 
A/J. 
(3) A is a compact left E-ring of rank two. 
(4) A is a finite uniform PH-ring. 
(5) A is a finite uniform lef chain ring. 
(6) A is a$nite local ring with A/J g GF(p’) an d exactly one of the following holds: 
(i) A is noncommutative and A is isomorphic to the ring F[t; o]/(t”) of o-dual 
numbers over F where F = A/J and o is a nontrivial automorphism of F, 
(ii) A is a commutative ring of characteristic p and A is isomorphic to F[t]/(t2) 
where F = A/J. 
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(iii) A is a commutative ring of characteristic p2, J = (p. 1) A and A is isomorphic to 
a Witt ring of length two or equivalently, A is isomorphic to the Galois ring 
GR(p’, r) of degree r. 
Proof. (l))(3) are equivalent by Theorem 3.3 and [4, Corollary to Theorem 2.41. If (3) 
holds, then A is a finite ring since (2) and (3) are equivalent and hence (5) holds. By 
Lemma 3.2, (5) implies (3) and therefore (l), (2) (3) and (5) are equivalent. Clearly (4) 
implies (5). Suppose that (5) holds. Then A is a finite local ring with identity and hence 
A/J is a finite field. Let x E X. As 5’ = (0) the right annihilator, (x)‘, of x is J. Hence as 
right A-modules, xA g A/J. Therefore, 1 xA 1 = IA/J 1 = IJ 1 as J is a one-dimensional 
left vector space over A/J. Consequently as xA E J and as A is a finite ring, xA = J 
for all x in X. Hence for all x in X, X = J\(O) = xA\{O} = xG. As in the proof of 
Theorem 3.3, it then follows that the set of right ideals of A is totally ordered by set 
inclusion and hence A is a right chain ring as well. Therefore (5) implies (4). The 
equivalence of (4) and (6) follows from [2, Lemma 3J and [S, Theorem 61. 0 
Lemma 3.5. Let A be a ring such that X # 8. Suppose that G acts on X by the regular 
action. Then G is primitive on X tfand only $A is afinite untform local ring, there exists 
an a in X with J = Aa and IAl = 9 or 22”for some positive integer n such that 2” - 1 is 
prime. 
Proof. Assume that G is primitive on X. As G acts transitively on X, by Theorem 3.3, 
A is a uniform local ring and J is a one-dimensional left vector space over A/J. In 
particular, IJI = IA/J1 and there exists a E X with J = Au. Since 5’ = (0), 
1 + J G Stab(u). Let g E Stab(u). As (g - 1)~ = 0 and as A is a local ring, g - 1 E J. 
Thus g E 1 + J and so Stab(u) = 1 + J. Hence 1 + J is a maximal subgroup of G by 
Lemma 3.1. Therefore as 1 + J is a normal subgroup of G, G/l + J, is a finite cyclic 
group of prime order q. Hence as the group of units of A/J is isomorphic to G/l + J, 
A/J is a finite field of order q + 1. On the other hand, there exists a prime p and 
a positive integer n with IA/J1 = p”. If q is even, then p = 3 and n = 1. Otherwise, as 
p’ = q + 1, p = 2 and n is a positive integer for which 2” - 1 is a prime. Therefore, as 
IAl = IA/JJ.IJI = IA/J12, IAl = 9 or JAI = 2’” where n is a positive integer such that 
2” - 1 is a prime. 
Conversely, suppose that A is a uniform local ring for which there exists a E X with 
J = Aa and IAl = 9 or 22” for some positive integer n such that 2” - 1 is prime. Since 
J2 = (0), J is a one-dimensional left vector space over A/J and hence by Theorem 3.3, 
G acts transitively on X by the regular action. Assume first that IAl = 9. Since 
IAl = IA/JI.IJI = lJ12, IJI = 3 and therefore 1x1 = 2. Hence X does not have a non- 
trivial G-invariant partition and consequently G is primitive on X. On the other hand, 
if IAl = 22” where 2” - 1 is prime, then IJI = IA/J1 = 2”. Let (A/J)* denote the set of 
nonzero elements in A/J. As I(A/J)* 1 = 2” - 1, (A/J) * is a cyclic group of prime order. 
Therefore as [G/l + JI = I(A/J)*I, 1 + J is a maximal subgroup of G. Let x E X. Since 
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2 I 1X( = /Orb(x)1 = lG/Stab(x)l, Stab(x) # G. But 1 + J c Stab(x) since 5’ = (0) 
and A is a local ring. Consequently as 1 + J is a maximal subgroup of G, 
Stab(x) = 1 + J for all x in X. Thus G is primitive on X by Lemma 3.1. 0 
Theorem 3.6. Let A be a ring such that X # 8. Then [XI 2 2 and G acts primitively on 
X by the regular action if and only if A is isomorphic to one of the following rings: 
(i) The ring F[t; o]/(t’) of o-dual numbers over the jield F where F = GF(3) or 
F = GF(2”) for some positive integer n such that 2” - 1 is prime and where o is an 
automorphism of F, 
(4 U(9), or, 
(iii) the Galois ring GR(22, n) where n is a positive integer such that 2” - 1 is prime. 
Proof. By Lemma 3.5, if G acts primitively on X by the regular action, then A is 
a uniform local ring for which IAl = 9 or 2’” for some positive integer such that 2” - 1 
is prime. Consequently by Theorem 3.4, A is isomorphic to one of the above rings. The 
converse follows from Lemma 3.5. 0 
Lemma 3.7. Suppose A is a ring such that X # 0. The following are equivalent. 
(1) 1x1 2 2 and A is a noncommutative uniform$nite local ring, J is a one-dimensional 
left vector space over A/J and if g E G\l + J, x E X, then gx # xg. 
(2) A is isomorphic to GF(2”) [t; o]/(t’) where n is a positive integer greater than one 
and o is an automorphism of GF(2”) withfixed field (0, l}. 
Proof. If (1) holds, then A/J is a finite field having p” elements and by Theorem 3.4, 
A is isomorphic to the ring F [t; o]/(t”) of o-dual numbers over F where F = A/J and 
g is a nontrivial automorphism of F. So A is isomorphic to the algebra F + Fx where 
x2 = 0, xa = a(a)x for all a E F and F = GF(p”). For simplicity of notation, assume 
A = F + Fx. Denote F\(O) by F*. Then G = F* + Fx and J = Fx. Let F(a) denote 
the fixed field of 0. If there exists a0 E F(o)\{O, l}, then c(~ + x E G\l + J and so by 
assumption, (a0 + x)x # X(CI~ + x). But xclo = o(aO)x = czox, a contradiction. There- 
fore F(a) = (0, 1). In particular, as IF( = 2, 2 divides p” and so p = 2. Moreover as 
2 I 1x1 = IJ\{O}l = IF*xl = IF*I, n 2 2 as well. So (1) implies (2). 
Assume (2) holds. Clearly A is a noncommutative uniform finite local ring and J is 
a one-dimensional left vector space over A/J. As above, for simplicity of notation, we 
will assume that A = F + Fx where F = GF(2”) for some n 2 2, x2 = 0 and for all 
a E F, xa = a(a)x where 0 is an automorphism of F with fixed field (0, l}. Let 
gEG\l + JandletyEX.AsgEG\l + J,g=cr+fixwherea,fiEFanda#O,l.As 
y E X, there exists r E F* with y = rx. Then gy = (E + px)(rx) = c(rx. On the other 
hand, yg = (rx)(a + /?x) = rxa = ro(a)x # arx as c( is not an element of the fixed field 
of 0. Hence gy # yg and so (1) holds. 0 
Theorem 3.8. Let A be a ring. The following are equivalent. 
(1) A is a compact ring and G acts transitively on X by conjugation. 
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(2) A is a finite field, A is isomorphic to Z/(4) or to Z/,,, [~]/~~2, or A is a noncom- 
mutative uniform finite local ring such that J is a one-dimensional left vector space over 
A/J and ifg E G\l + J and y E X, then gy # yg. 
(3) Exactly one of the following holds: 
(i) X = (#I and A is a$nite$eld, 
(ii) 1x1 = 1 and A is isomorphic to Z/(4) or to Z(,, [x]/~~+ or, 
(iii) 1x1 2 2 and A is isomorphic to the ring F[t; o]/(t”) where F = GF(2”)for some 
positive integer n 2 2 and o is an automorphism of F with$xed field (0, 1). 
Proof. By [4, Theorem 2.71, (1) and (2) are equivalent. (2) and (3) are equivalent by the 
preceding lemma. 0 
Lemma 3.9. Suppose A is a ring such that 1x1 2 2. Let G act on X by conjugation. If 
G is primitive on X, then A is a local ring. 
Proof. By [12, Proposition, p. 731, it suffices to show that X u (0) is closed under 
addition. Suppose that X u (0) is not closed under addition. Then there exist elements 
x and y in X such that x + y = 1. As G is transitive on X, there exists a g in G with 
Y = gxg- i. Therefore x + gxg-’ = 1 and hence g-‘xg + g-i(gxg-‘)g = 1, that is, 
g-‘xg + x = 1. Consequently gxgg’ = gg’xg. So g2x = xg2, that is, g2 E Stab(x). 
Note that g $ Stab(x). Indeed, if gx = xg, then x = y and so 2x = 1, a contradiction as 
x E X. Therefore by Lemma 3.1, G = (Stab(x), g). Next observe that as y = 1 - x, 
Stab(y) = Stab(x). Thus Stab(x) = Stab(y) = Stab(gxg- ‘) = g(Stab(x))g-‘. So 
gStab(x) = (Stab(x))g. Therefore as G = (Stab(x), g) and g2 E Stab(x), the index of 
Stab(x) in G is 2. So 1x1 = lOrb(x)I = IG/Stab(x)l = 2. Consequently X = {x, gxg- ‘}. 
Note that as x E X, x2 E X u (0). If x2 = 0, then 1 - x E G, that is, y E G, a contradic- 
tion. So x2 E X. If x2 = x, then xgxg- ’ = xy = x(1 - x) = 0 and so xgx = 0. There- 
fore (xg)’ = (gx)2 = 0. Since x2 # 0, gx # x. Similarly, x # xg. Therefore x, gx and xg 
are distinct elements of X, a contradiction. So x2 = gxg- ‘. In this case, 
1 = x + y = x + x2 = x(1 + x) = (1 + x)x. Hence x E G, a contradiction. Thus 
X u {0} is closed under addition. 0 
Lemma 3.10. Let A be a ring such that 1x1 2 2. Suppose that G acts primitively on X by 
conjugation. Let N be any normal subgroup of G, let x0 be any element of X and let 
B=NxO(orB=xON).Ifg~GandgBg-‘nB#&thengBg-’=B. 
Proof. If B = Nx,,, then gBg-’ = gNxog-’ = (gNgm’)(gxog-‘) = Ngxog-‘. Sup- 
pose that gBg_’ n B # 0. Then Ngx&’ nNx, #f$. Let xENgxog-‘nNxo. 
Let m and n be elements in N with x = mgx,g-’ and x = nxo. Then 
gxOgml = mm1 x = (m-‘n)x,,. So N(gx& ‘) = N(m- ‘n)xo = NxO and consequently 
gBg -‘=B.SimilarlyifB=x,NandgBg-‘nB#@,thengBg-’=B. 0 
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Corollary 3.11. Let A be a ring such that (XI 2 2. Suppose that G acts primitively on 
X by conjugation. Then for any x in X, Gx = {x} or Gx = X (XC = {x> or XC = X). 
Proof. By Lemma 3.10, if x E X and B is defined by, B = Gx, then for all g in G, 
gBg -‘nB=@orgBg- . ’ = B Since G is primitive on X, either B = X or (BI = 1. So 
either B = X or B = Gx = {x}. 0 
Lemma 3.12. Let A be a ring such that X # 0 and G acts transitively on X by 
conjugation. If N is a normal subgroup of G, then either N n (1 + J) = { 1) or 
l+JgN. 
Proof. Let H = N n (1 + J). Observe that H is a normal subgroup of G. Suppose that 
{l} 5 H. Let h E H be such that h # 1. Then h = 1 + a for some nonzero element 
a in J. Let b E J, b # 0. As G acts transitively on X, there exists an element g in G with 
gag . -‘=b Hence 1 + b = 1 + gag-’ = g(l + a)g-’ = ghg-’ E H. Therefore 
l+JcHcN. 0 
Lemma 3.13. Suppose A is a ring such that 1x1 2 2. If G acts primitively on X by 
conjugation, then G/l + J is a simple group. 
Proof. By Lemma 3.9, A is a local ring. Suppose that N is a normal subgroup of 
G with 1 + J 5 N. By Lemma 3.9, as G is primitive on X, for any x in X, Nx = {x> or 
Nx = X. Suppose that Nx = {x} for some x in X. Then (1 - n)x = 0 for all n in N and 
hence 1 - n E J for all n E N. Thus N c 1 + J, a contradiction. Therefore there exists 
an x in X with Nx = X. Let g E G. Since gx E X, there exists an n in N with gx = nx. 
Thus (n- ‘g - 1)x = 0 and so n- ‘g - 1 E J, that is, n- ‘g E 1 + J. Consequently as 
1 + J E N, g E N. So G = N. Therefore G/l + J is a simple group. 0 
Lemma 3.14. Let A be a ring such that 1x1 2 2. Suppose that G acts primitively on X by 
conjugation. Then A is a uniform local ring and J is a one-dimensional left vector space 
over A/J. 
Proof. By Lemma 3.9, A is a local ring and by Corollary 3.11, for any x in J\{O}, 
Gx = {x} or Gx = J\(O). If there exists an x in X with Gx = J\(O), Theorem 2.4 of 
[4] yields that J2 = (0) and J is a one-dimensional left vector space over A/J. Suppose 
that Gx = {x} for all x in X. By [3, Theorem 2.71, A is a commutative ring since 
(Cl > 1. But G acts primitively on X by conjugation and 1x1 2 2, a contradiction. 
Hence there exists an x in X with Gx = J\(O) and so A is a uniform local ring where 
J is a one-dimensional left vector space over A/J. 0 
Corollary 3.15. Let A be a ring such that 1x1 2 2. If G acts primitively on X by 
conjugation, then A is a uniform PH-ring. 
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Proof. By Lemma 3.14 and Theorem 3.3, A is a uniform AH-ring. Let Aopp denote the 
opposite ring of A with multiplication 0. By Corollary 3.11 and the proof of Lemma 
3.14, there exists an x in X with Gox = X. Hence Aopp is a uniform AH-ring by 
Theorem 3.3 and consequently, A is a right chain ring. 0 
Lemma 3.16. Let A be a ring suck that 1x1 2 2 and suppose that G acts primitively on 
X by conjugation. Then the characteristic ofA/J is either 2 or 3. 
Proof. Denote the center of G/l + J by Z(G/l + J). Suppose that the characteristic of 
A/J is not 2. Then Z(G/l + J) # {if w h ere i = 1 + J. Hence by Lemma 3.13, 
G/l + J = Z(G/l + J). So as G/l + J is a simple abelian group by Lemma 3.13, 
1 G/l + J 1 = p for some prime p. By Lemma 3.14, J is a one-dimensional left vector 
space over A/J. Since A/J is a division ring, IJI = IA/J/ = p + 1. Therefore, p + 1 = 4” 
for some positive integer n and some prime q. If p is an odd prime, then q = 2 and so 
IA/J1 = 2”. Consequently, the characteristic of A/J is 2, a contradiction. So p = 2 and 
(A/J1 = 3. Therefore A/J has characteristic 3 in this case. 0 
Corollary 3.17. Let A be a ring suck that 1x1 2 2 and G acts primitively on X by 
conjugation. Then A is a uniform local ring and IAl = 9 or the characteristic of A is 2 
or 4. 
Proof. By Lemmas 3.14 and 3.16, A is a uniform local ring of characteristic 2” or 3” for 
n = 1 or 2. Suppose that the characteristic of A is 3” where n E { 1,2}. As in the proof of 
Lemma 3.16, in this case, I A/J1 = 3. By Corollary 3.15, A is a uniform AH-ring and 
hence by Theorem 3.3, J is a one-dimensional left vector space over A/J. Therefore 
IAl = IA/J/. IJI = 9. Cl 
Lemma 3.18. Let A be a ring suck that 1x1 2 2. For each x in X, let C(x) denote 
{u E A: ax = xu}. If G acts primitively on X by conjugation, then for any x in X, C(x) is 
a local ring with identity whose Jacobson radical is that of A, C(x)/J is a division subring 
of A/J and the group of units of C(x)/J is a maximal subgroup of the group of units of 
A/J. Furthermore for any g1,g2,g3,g4 E G, glxgz + g,xg,EOrb(x) u (0). 
Proof. Let x E X. By Lemma 3.14, A is a local ring with J2 = (0). Hence A/J is 
a division ring, J E C(x) and C(x)/J is a subring of A/J. Moreover C(x)/J is itself 
a division ring. Thus C(x) is a local ring with Jacobson radical J. Since 
G n C(x) = Stab(x) and Stab(x) is a maximal subgroup of G by Lemma 3.1, the group 
of units of C(x)/J is a maximal subgroup of the group of units of A/J. Suppose 
that gi E G for i = 1,2,3,4 and that g1xg2 + g3xg4 # 0. Since x E X and A is a local 
ring, g1xg2 + g3xg4 E x. Therefore as G acts transitively on X, 
glxg2 + g3xg4 E X = Orb(x). 0 
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Theorem 3.19. Let A be a ring such that X # 8. Then 1x1 2 2 and G acts primitively on 
X by conjugation if and only if 
(1) A is a untform PH-ring and the characteristic of A is 2 or 4 or IA) = 9, 
(2) for each x in X, the ring C(x) defined by, C(x) = {a E A: ax = xa}, is a local ring 
with Jacobson radical J and C(x)/J is a division subring of A/J such that the group of 
units of C(x)/J is a maximal subgroup of the group of units of A/J, 
(3) foreachxinxandg,,..., g4 in G, gIxg, + g3xg4 E Orb(x) u (0) where Orb(x) 
is the orbit of x, and 
(4) G/l + J is a simple group. 
Proof. If G acts primitively on X by conjugation, then (l)-(4) hold by Corollaries 3.15 
and 3.17 and Lemmas 3.18 and 3.13. Conversely, suppose that (l)-(4) hold. By(l), A is 
a local ring and by Theorem 3.3, 2 < IJI = IA/JI. If IJI = 2, then IAl = 4 and so 
(GI = 2. Thus G = 1 + J, a contradiction of (4). So IJI 2 3 and hence 1x1 2 2. 
Let x E X. As J = X u {0}, AxA is a nonzero left ideal contained in J. By Lemma 
3.2, AxA = J. Hence if y E X, then there exist a positive integer n and elements 
gi, . . . , g,,, hI, . . . , h, in G such that y = I:= 1 gixhi. A repeated application of (3) yields 
that y E Orb(x) and consequently G acts transitively on X by conjugation. In particu- 
lar as JXJ 2 2, JG/Stab(x)l 2 2, that is, Stab(x) 5 G. Moreover by (2), ax = xa for all 
a E J. Thus 1 + J c Stab(x) and so by (2), Stab(x) is a maximal subgroup of G. 
Therefore G acts primitively on X by Lemma 3.1. 0 
Corollary 3.20. Let A be a ring such that X # 0. The following are equivalent. 
(1) A is a compact ring such that 1x1 2 2 and G acts primitively on X by conjugation. 
(2) A is isomorphic to the ring F[t; o]/(t’) of o-dual numbers over F where 
F = GF(2”), 2” - 1 is prime and o is a nontrivial automorphism of F withJixed 
field (0, l}. 
Proof. By Theorem 3.8, if (1) holds, then A is a isomorphic to F[t; a]/(t2) where 
F = GF(2”), n 2 2 and the fixed field of g is (0, l}. Let (GF(2”))* denote GF(2”)\{0}. 
As (GF(2”))* is isomorphic to G/l + J, (GF(2”))* is a simple group by Theorem 3.19. 
Hence 2” - 1 is a prime and so (1) implies (2). Conversely if (2) holds, then A is 
a compact ring such that 1x1 2 2. By Theorem 3.8, G acts transitively on X by 
conjugation. Moreover, Stab(x) = 1 + J for all x in X. Since G/l + J is a cyclic group 
of prime order, Lemma 3.1 yields that G acts primitively on X by conjugation. q 
4. Semi-primitive group actions 
Let A be a ring such that X # 8. Suppose that G acts on X. By Lemma 3.1, G is 
semi-primitive on X if and only if for each x in X, Orb(x) = (x} or Stab(x) is 
a maxima1 subgroup of G. 
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Example. Let F be a field with 4 elements, let F[[x]] denote the ring of the formal 
power series in one variable over F and let A = {($ $): a E F, y E F[[x]]}. With 
respect to the usual matrix addition and multiplication, A is a local ring with group of 
units {(g 2): a # 0, y E F[[x]]}. M oreover, X = {(z 6): y E F [[x]]\(O)}. Let G act 
on X by conjugation, let x E X and let y be a nonzero element in F [[xl] such that 
x = (g 6). Then Orb(x) = ((8 “0): a E F\(O)} and Stab(x) = {(A ;): z E F[[x]]}, 
a normal subgroup of index 3 in G. Thus Stab(x) is a maximal subgroup of G and so 
G is semi-primitive on X. However as IOrb(x)( < cc, G is not transitive on X. 
Consequently, G is not primitive on X. 
The following lemma was proven in [3]. 
Lemma 4.1 [3, Theorem 2.71. Suppose A is a ring such that X # 8. Zf G acts on X by 
the regular action, then (Orb( = lfor all x in X ifund only ifG = (1) or G = 1 + J, 
A/J is isomorphic to Z/(2), the ring of integers modulo 2,J2 = (0) and A is a commutative 
local ring. 0 
Lemma 4.2. Suppose A is a local ring such that X # 8. Let G act on X by the regular 
action. Assume further that there exists an x in X with IOrb(x)l > 1. Then G is 
semi-primitive on X tf and only tf 
(1) G = 1 + J, J3 = (0), lOrb(x)l I 2f or a 11 x in X and the characteristic of A is 2, 
4 or 8, or, 
(2) 5’ = (0) and the curdinulity of A/J is 3 or 2”for some positive integer n such that 
2” - 1 is a prime. 
Proof. If 1 Orb(x)/ = 1 or 2 for x in X, then Orb(x) = {x} or 1 G/Stab(x) I = 2. Hence if 
I Orb(x)) = 1 or 2 for all x in X, G is semi-primitive on X by Lemma 3.1. Consequently 
if (1) holds, then G is semi-primitive on X. Assume that (2) holds. As 5’ = (0), for each 
x in X, 1 + J c Stab(x). But since A is a local ring with IG/l + J I = IA/J1 - 1, 
a prime, 1 + J is a maximal subgroup of G. Therefore for each x in X, Stab(x) = G or 
Stab(x) = 1 + J, a maximal subgroup of G. Thus if (2) holds, then G is semi-primitive 
on X. 
Conversely, assume that G is semi-primitive on X. Let x E X and let g E Stab(x). 
Then (g - 1)x = 0 and so g - 1 E J. Hence Stab(x) z 1 + J G G. Therefore as G is 
semi-primitive on X, if x E X, then Stab(x) = 1 + J or G = 1 + J. 
Case 1: G = 1 + J. Since A is a local ring and G = 1 + J, IA/J/ = 2. In particular, 
2 E J. 
We first prove that J3 = (0). Suppose x E X and Orb(x) = {x}. Then for all a in J, 
(1 + a)x = x. Thus for all a in J, ax = 0. So Jx = 0 and hence J2x = (0). Assume now 
that x0 E X and lOrb(x,,)l > 1. Notice that Stab(x,) = 1 + L where L is the left ideal 
of J given by, L = {a E J: ax ,, = O}. Since Stab(xO) is a maximal subgroup of G, L is 
a maximal left ideal of J. Observe that Jx,, and J/L are isomorphic as left A-modules. 
(Indeed, the mapping cp: JxO + J/L defined by rp( jx,) = j + L, is an A-module 
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isomorphism.) Therefore as L is a maximal left ideal of J, JxO is a minimal left ideal of 
A. Let b E J. If bx, = 0, then Jbx, = (0). Suppose that bxO # 0. Since Jbx,, is a left 
ideal of A contained in Jx,,, Jbxo = (0) or Jbxo = JxO. If Jbxo = Jx,,, then there exists 
a u in J with ubxo = bx,. So (1 - u)bx,, = 0. But 1 - u E G as u E J. Hence bxO = 0, 
a contradiction. Thus Jbxo = (0). Consequently J3 = (0). 
Recall that 2 E J. Therefore 23 = 0 and thus the characteristic of A is 2, 4 or 8. 
Suppose that x E X and 1 Orb(x) 1 > 1. Then Stab(x) is a maximal subgroup of G. As 
before, Stab(x) = 1 + L where L is the left ideal of J defined by L = {u E J: ax = O}. 
Since Stab(x) # G, there exists a y in J with 1 + y # Stab(x). As is a maximal 
subgroup of G, G = (Stab(x), 1 + y). Now (1 + Y)’ = 1 + 2y + y2 and 
(2y + y2)x = 0 since J3 = (0). Therefore (1 + y)’ E Stab(x). Notice that if a E L, then 
(1 + y)a(l + Y))’ E L. Indeed, since y3 = 0, (1 + y))’ = 1 - y + y2. So 
(1 + Y)U(l + Y)F’ =(l+y)u(l-y+y2) =(u+ya)(l-y+yZ)= u+yu-uy 
- yuy + ay2 + yuy’ = a + yu - uy as J 3 = (0). Hence (1 + y)u(l + y)-‘x = ax + 
yux - uyx = 0 as a E L and J3 = (0). So (1 + y)a(l + y)- ’ E L for all a in L. Conse- 
quently, (1 + y)(l + a)(1 + y))’ E 1 + L for all a in L. So (1 + y)Stab(x) = 
(Stab(x))(l + y). Therefore as G = (Stab(x), 1 + y) and (1 + y)’ E Stab(x), Stab(x) is 
a normal subgroup of G of index 2. Hence 1 Orb(x) 1 = 2. 
Case 2: G # 1 + J. Let X~EX be such that IOrb # 1. Since 
Stab(x,) c 1 + J 5 G, Stab(xO) = 1 + J by Lemma 3.1. Therefore 1 + J is a maximal 
subgroup of G. Since 1 + J is also a normal subgroup of G, G/l + J is therefore 
a cyclic group of prime order p. Moreover as A is a local ring, there exists a prime 
q and a positive integer n with (A/J1 = 4”. Thus qn - 1 = p. So [A/J1 = 3 or IA/J1 = 2” 
where 2” - 1 is prime. 
In order to complete the proof of the lemma, it suffices to prove that .J2 = (0). 
Clearly if x E X and Stab(x) = G, then (1 + u)x = x for all a in J. Thus Jx = (0). On 
the other hand if x E X and Stab(x) # G, then Stab(x) = 1 + J and so Jx = (0). Thus 
J2 = (0). 0 
Examples. (1) Let A = Z/(S) and let G act on X by the regular action. Here 
-- 
G = (1, 3, 5,7}, X = {2,4,6}, Orb(T) = {2,6} = Orb@) and Orb(a) = (a}. Thus G is 
semi-primitive on X. 
(2) Let A = Z/(16) and assume tht G acts on X by the regular action. Then 
VEX and Stab(Z) = {i,!?}. S’ mce Stab(Z) # G and Stab(Z) is not a maximal sub- 
group of G, G is not semi-primitive on X. Notice that in this example, J4 = (0) but 
J3 # (0). 
Theorem 4.3. Let A be a ring such that X # 0. Let G act on X by the regular action. 
Define Stab(X) by Stab(X) = n x E x Stab(x). The following are equivalent. 
(1) Stab(X) # (1) and G is semi-primitive on X. 
(2) A is a local ring which is not a division ring and 
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(i) G = 1 + J, A/J E Z/(2), the ring of integers modulo 2, J2 = (0) and A is a com- 
mutative ring, 
(ii) G = 1 + J, J3 = (0), the characteristic of A is 2, 4 or 8 and for all x in X, 
[Orb(x)\ I 2, or, 
(iii) J2 = (0) and the cardinality of A/J is 3 or 2” for some positive integer n such that 
2” - 1 is a prime. 
Proof. Suppose that (1) holds. Note that as Stab(X) E G, G # {l}. Let 
g E Stab(X)\(l). Then (g - 1)x = 0 for all x in X. Therefore as g - 1 # 0, X u (0) = 
{a E A: (g - 1)a = 0}, a right ideal of A. Hence as X u (0) is closed under addition, 
A is a local ring [12, Proposition, p. 731. Since X # 0, A is not a division ring. 
Therefore (2) holds by Lemmas 4.1 and 4.2. 
Now assume that (2) is true. Lemmas 4.1 and 4.2 yield that G is semi-primitive on X. 
Let m be the smallest positive integer such that J” = (0). As J = Xv (0) and X # 8, 
m 2 2. By the definition of m, for any x E X, Jmelx = (0). Thus 
(1) 5 1 + J”-’ E Stab(X). Hence (2) implies (1). 0 
Proposition 4.4. Suppose that A is a ring. Let G act on X by the regular action. If X # 8 
and G is semi-primitive on X, then either A is a local ring or the group, G(A/J), of units of 
A/J acts semi-primitively on the set, X(A/J), of nonzero nonunits in A/J by the regular 
action. 
Proof. Assume that A is not a local ring. Then X(A/J) # 0. Let X E X(A/J) and let 
x E X\J be such that x + J = X. Since G is semi-primitive on X, either Stab(x) = G or 
Stab(x) is a maximal subgroup of G. Note that Stab(x) + J s Stab(x) in G(A/J). 
Hence if Stab(x) = G, then Stab(Z) = G(A/J). Moreover if Stab(x) is a maximal 
subgroup of G, then Stab(x) = G(A/J) or Stab(x) is a maximal subgroup of G(A/J) 
since the canonical homomorphism cp: A + A/J is an epimorphism. The result then 
follows from Lemma 3.1. 0 
Theorem 4.5. Suppose that A is a compact, semisimple topological ring such that X # 8. 
Let G act on X by the regular action. Then G is semi-primitive on X if and only if 
(1) A is isomorphic to n, En Z/(2) for some index set A with IAl 2 2, 
(2) A is isomorphic to F x n,,,, Z/(2) where A # 0 and F is a finite field with 
cardinality 3 or 2” for some positive integer n such that 2” - 1 is prime, 
(3) A is isomorphic to F. x F1 where each Fi is ajinite$eld with cardinality 3 or 2”,for 
some positive integer ni such that 2”l - 1 is prime, or 
(4) A is isomorphic to the ring of 2 x 2 matrices over Z/(2). 
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Proof. If A is a compact semisimple ring, Kaplansky’s Structure Theorem [9, Theo- 
rem 161 yields that A is isomorphic to n a E n M, where each Ma is the ring of n, x nor 
matrices over a finite field F,. Consequently lG[ = 1 if and only if each M, is 
isomorphic to Z/(2), the ring of integers modulo 2. Therefore if X # 8, then IGI = 1 if 
and only if A is isomorphic to n a E A Z/(2) where A is an index set with cardinality 
greater than one. In this case as Orb(x) = {x} for all x in X, G is semi-primitive on X. 
We may therefore assume that IGI > 1. 
Suppose that (2) holds. For simplicity of notation, assume that 
A = RI,,, Z/(2)) x F where ,4 # 8 and F is a finite field with cardinality 3 or 2” for 
some positive integer n such that 2” - 1 is prime. Let 0 and OF denote the additive 
identities of Z/(2) and F respectively and let 1 and 1, denote the respective multiplica- 
tive identities. Suppose x E X. Write x = (n aEn~a)~y where yeF and for each c(, 
x, E Z/(2). Given g E G, let go E F\{OF} be such that g = (n, E ,, 1) x go. Let F\{OF} act 
on F by the regular action. Then g E Stab(x) if and only if go E Stab(y). Consequently 
if y = OF, then Stab(x) = G and so Orb(x) = {x}. If y #OF, then 
Stab(x) = (n,,,ill>)x{l~), a maximal subgroup of G since IF\{OF} 1 is prime. Thus 
G is semi-primitive on X. 
Assume now that A = F. x F1 where F. and F1 are finite fields and for each i = 0 or 
1, the cardinality, qi, of Fi is such that qi - 1 is a prime. For each i, let the group of 
units of Fi act on Fi by the regular action. Let x E X. Write x = (xc,, x1) where for each 
i, xi E Fi. If g E G, let go and g1 be such that g = (go, gi). Notice that g E Stab(x) if and 
only if gi E Stab(xi) for each i. Now as x is a nonzero, nonunit of A, either x,, is the zero 
element of F,, and x1 is a nonzero element of F, or x0 is a nonzero element of F,, and 
x1 is the zero element of F1. In the former case, Stat(x) = Go x {l} where Go is the 
group of units of F,, and 1 is the multiplicative identity of F1. As IF, I - 1 is a prime, 
Stab(x) is a maximal subgroup of G. Similarly Stab(x) is a maximal subgroup of G in 
the latter case. So G is semi-primitive on X if (3) holds. 
Suppose now that A is isomorphic to the ring of 2 x 2 matrices over Z/(2). An easy 
calculation establishes that for each x in X, /Orb(x)1 is 2 or 3. Thus as 
I G/Stab(x) 1 = 1 Orb(x) 1, G is semi-primitive on X. 
We may therefore assume that G is semi-primitive on X. For simplicity of notation, 
assume that A = n 1 En M, where for each a in A, Ma is the set of n, x n, matrices over 
a finite field F,. For each a in ,4, let G, denote the group of units in Mm and let G, act on 
Ma by the regular action. Given x in X, let x, E Ma be such that x = n a E ,, x,. Then 
Stab(x) = n a E n Stab(x,). Thus Stab(x) is a maximal subgroup of G if and only if there 
is an CI in n such that Stab(x,) is a maximal subgroup of G, and for all fi in A\{@}, 
Stab(x,) = G,. Moreover Stab(x) = G if and only if Stab(x,) = G, for all CI in /i. 
First suppose there is an SI in A with n, > 1. Let n denote n,. Suppose that IFel > 2. 
Let 1 denote the multiplicative identity of F, and for each B in /l\(a), let 1, denote the 
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multiplicative identity of MO. Define x, E Ma by, x, = (aij),.,, where al1 = 1 and for 
(i,j) # (1, l), aij is the zero element of F,. Let x = npE,,xP where for /I E A\{u}, 
xg = 1,. So x E X. Note that the stabilizer of x, in G, is 
bi~F,fori=1,2 ,..., n-1, 
and J is a nonsingular (n - 1) x (n - 1) matrix over F, 
where 0 is the zero element of F,. Thus 
StaWxJ s :I 
1 5,, bl ... b,_l 
0 
5 
0 
and ij is a nonsingular (n - 1) x (n - 1)matrix over Fa} 5 G,. 
Thus Stab(x) is not a maximal subgroup of G. So if there exists an a in n with n, > 1, 
then lFal = 2 and hence F, is isomorphic to Z/(2). We next show that in this case, 
IAl = 1. Indeed, suppose that n\(a) # 8. Let x, be the multiplicative identity, l,, of 
M,, for /I in n\{c(}, 1 e xB be the zero element of MD and let x = n, E ,,xy. As IAl 2 2, t 
x E X. But Stab(x,) = {lb} and so Stab(x) is not a maximal subgroup of G, a contra- 
diction. Hence if there exists an ti in n with n, > 1, then A is isomorphic to Ma where 
Ma is the ring of II, x n, matrices over Z/(2). Moreover II, = 2. Indeed, suppose not. Let 
n = n, and let 
I,-1 0 
0 
x= 1 I . 3 0 . . . 0 
where I,_ 1 is the (n - 1) x (n - 1) identity matrix over Z/(2). 
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Then 
Hence 
Stab(x) s 
67 a1 
I i 4-l 0 . . . 0 1 I : Ul,...,Q,-1 E7f/(2), 
g is a nonsingular (n - 1) x (n - 1)matrix over Z/(2) 
I 
s G,. 
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Thus G is not semi-primitive on X, a contradiction. Hence if there exists an a in /1 with 
n, > 1, then A isomorphic to the ring of 2 x 2 matrices over Z/(2). 
Assume, then, that for all CI in A, M, is a finite field F, and that there exists an CI in 
& with IF,! 2 3. Note that as X # 0, (A( 2 2. Write n = & u A, where for each tl in 
/iO, IF,1 = 2 and for each a in /1,, IF,1 > 2. We first show that l/1,1 I 2 and for each a in 
/1,, the cardinality, qa, of F, is such that qa - 1 is prime. Suppose that Inil L 3. Fix 
CI~ E /1i and let x = fl oL En x, where x,, is the zero element of FM1 and for c( # a,, x, is 
the multiplicative identity, l,, of F,. Then x E X and Stab(x) = n,,, Stab(x,). Ob- 
serve that for a E /Il\{al}, Stab(x,) = {la} 5 G,. Therefore as I/ll\{al}l 2 2, Stab(x) 
is not a maximal subgroup of G. Clearly, Stab(x) # G, a contradiction since G is semi- 
primitive on X. Thus In,1 I 2. Let CY E A,. If qa - 1 is not prime, then {la) is not 
a maximal subgroup of G,. Let x E X be defined by, x = ngcnxa where x, = 1, and 
for /I # CI, xP is the zero element of F,. Then Stab(x) # G and Stab(x,) = (la}. Thus 
Stab(x) is not a maximal subgroup of G. Therefore for all CI in /ii, qa - 1 is a prime. So 
by a previous argument, if c( E A,, then the cardinality of F, is 3 or 2”* for some 
positive integer m, with 2”= - 1 a prime. Consequently in order to complete the proof 
of the theorem it suffices to prove that if & = 8, then IAll = 2 and if& # 8, then 
In, ( = 1. The former case follows from the assumption that X # 0. In the latter case, if 
/AlI = 2, then the element x in X defined by, x = n, E “xp where for a in &, x, is the 
zero element of F, and for CI in A,, x, is the multiplicative identity of F,, has the 
property that Stab(x) is a proper subset of G but Stab(x) is not a maximal subgroup of 
G. a contradiction. 0 
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Corollary 4.6. Suppose that A is a compact ring such that X # 8. If G acts semi- 
primitively on X by the regular action, then A/J is isomorphic to one of the following 
rings: 
(1) rI,,/l Z/(2) for some index set A with IA1 2 2, 
(2) FxrI,,, Z/(2) where A # 0 and F is afinite$eld with cardinality 3 or 2”for some 
positive integer n such that 2” - 1 is prime, 
(3) Fo x F, where each Fi is a finite field of cardinality 3 or 2”l for some positive 
integer ni such that 2”l - 1 is prime, or 
(4) the ring of 2 x 2 matrices over Z/(2). 
Proof. The result follows from Theorem 4.5 and Proposition 4.4. 0 
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